Relating the forward light-by-light scattering to energy weighted integrals of the γ * γ fusion cross sections, with one real photon (γ) and one virtual photon (γ * ), we find two new exact superconvergence relations. They complement the known super-convergence relation based on the extension of the GDH sum rule to the light-light system. We also find a set of sum rules for the low-energy photon-photon interaction. All of the new relations are verified here exactly at leading order in scalar and spinor QED. The super-convergence relations, applied to the γ * γ production of mesons, lead to intricate relations between the γγ decay widths or the γ * γ transition form factors for (pseudo-) scalar, axial-vector and tensor mesons. We discuss the phenomenological implications of these results for mesons in both the light-quark sector and the charm-quark sector.
Light-by-light (LbL) scattering is a prediction of the quantum theory [1, 2] which thus-far has not been directly observed, mainly due to smallness of the cross section. On the other hand, the process of γ * γ * fusion (by quasi-real photons γ or virtual photons γ * ) into leptons and hadrons has been observed at nearly all high-energy colliders, see e.g. [3] [4] [5] for reviews. The two phenomena -LbL scattering and γγ fusion -must be related by causality, similar to how the refraction index of light is related to its absorption in the Kramers-Kronig relation. The main goal of this work is to establish such relations and use them to investigate the structure of hadrons in the realm of quantum chromo-dynamics (QCD).
The electromagnetic interaction provides a clean probe and the two-photon state allows to produce hadrons with nearly all quantum numbers (with C = +), in contrast to the well studied single-photon scattering or production processes, which only accesses the vector states. When producing exclusive final states such as in the γ * γ * → meson process, one accesses meson transition form factors (FFs), which are some of the simplest observables where the approach to the asymptotic limit of QCD is studied along with the quark content of mesons described by distribution amplitudes (DAs). The non-perturbative dynamics of QCD is also playing a profound role in these FFs at low momentum transfers. For example, the transition FFs of the η and η mesons depend on the interplay of various symmetry breaking mechanisms in QCD, i.e.: U A (1) symmetry breaking [6] , dynamical and explicit chiral symmetry breaking. In addition, the γ * γ * → meson transition FFs are important for providing and improving constraints on the light-by-light hadronic contribution to the anomalous magnetic moment of the muon, (g − 2) µ . The hadronic contributions to (g − 2) µ are at present the major uncertainty in the search for new, beyond Standard Model, physics in this high-precision quantity [7] . In recent years, new experiments at high luminosity e + e − colliders such as BABAR and Belle have vastly expanded the field of γγ physics. The result of a measurement of the γ * γ → π 0 FF at large momentum transfers by the BABAR Collaboration [8] came as a surprise, as this form factor seems to rise much faster than the perturbative QCD predictions for momentum transfers up to 40 GeV 2 . A γγ physics program is planned now by the BES-III Collaboration [9] , which will allow to provide high-statistics results at intermediate momentum transfers for a multitude of γ * γ * → hadron observables.
In this work we use the dispersion theory to relate the two phenomena of LbL scattering and γ * γ fusion, and express the low-energy LbL scattering as integrals over the γ * γ-fusion cross sections, where one photon is real while the second may have arbitrary (space-like) virtuality. These integrals, or 'sum rules', lead to interesting constraints on γγ decay widths or γ * γ transition FFs ofstates, and more general meson states. The first sum rule of this type involves the helicity-difference cross-section for real photons and reads as:
where s is the total energy squared, s 0 is the first inelastic threshold for the γγ fusion process, and the subscripts 0 or 2 for the γγ cross sections indicate the total helicity of the state of two circularly polarized photons. This sum rule was originally 1 inferred [10, 11] from the the Gerasimov-Drell-Hearn (GDH) sum rule, using the fact that the photon has no anomalous moments. Parameterizing the lowest energy LbL interaction by means of an effective Lagrangian (which contains operators of dimension eight at lowest order) as
with F andF being the electromagnetic field strength and its dual, one finds sum rules for the LbL low-energy constants (LECs) [13] :
where the subscripts || or ⊥ indicate if the colliding photons are polarized parallel or perpendicular to each other. While the GDH-type sum rule provides a stringent constraint on the polarized γγ fusion, the sum rules for the LECs allow one in principle to fully determine the low-energy LbL interaction through measuring the linearly polarized γγ fusion.
In this work we extend the GDH type sum rule to the case where one of the colliding photons is virtual, with arbitrary (space-like) virtuality. Furthermore, we find two additional sum rules, involving the longitudinally polarized γ * γ cross sections. All details of sum rule derivation are gathered in Sec. II. In Sec. III, all of the newly derived sum rules are verified at leading order in scalar and spinor quantum electrodynamcis (QED). Next we apply these results to the γ * γ * fusion to mesons. Using the available data, we quantitatively study the new sum rules derived in this paper for the case of production of light quark mesons as well as mesons containing charm quarks, both by real photons in Sec. IV A, and by virtual photons in Sec. IV B. We demonstrate the intricate cancellations that must occur among the (pseudo-) scalar, tensor, and axial-vector mesons in order to satisfy these sum rules. In the case of production of virtual photons, we use these relations to provide estimates of hitherto unmeasured γ * γ transition form factors of tensor mesons, such as f 2 (1285) and a 2 (1320). The conclusion and outlook is given in Sec. V. The Appendices contain (A) a review of the kinematical notations and e ± + e − → e ± + e − + X cross section conventions; (B) expressions for the tree-level γ * γ * cross sections for the case of scalar and spinor QED (Sec. B);
(C) general formalism for the γ * γ → meson transitions with different quantum numbers (J P C ), i.e.: pseudo-scalars (0 −+ ), scalars (0 ++ ), axial-vectors (1 ++ ), and tensors (2 ++ ).
II. DERIVATION OF SUM RULES FOR LIGHT-LIGHT SCATTERING

A. Forward scattering amplitudes
In the most general case we consider the forward scattering of virtual photons on virtual photons:
where q 1 , q 2 are photon four-momenta, and λ 1 , λ 2 (λ 1 , λ 2 ) are the helicities of the initial (final) virtual photons, which can take on the values ±1 (transverse polarizations) and zero (longitudinal). The total helicity in the γ * γ 2 is tacitly assumed. The above sum rules, relating all the forward γ * γ * elastic scattering amplitudes to the energy integrals of the γ * γ * fusion cross sections, should hold for any space-like photon virtualities in the unsubtracted cases, and for one of the virtualities equal to zero in the subtracted cases. In the following we examine the low-energy expansion of these sum rules.
D. Low-energy expansion via effective Lagrangian
To obtain more specific relations from the sum rules established in Eq. (22), we parametrize the low-energy (small ν) behavior of the γ * γ * → γ * γ * forward scattering amplitudes M . At lowest order in the energy, the self-interactions of the electromagnetic field are described by an effective Lagrangian (of fourth order in the photon energy and/or momentum, and fourth order in the electromagnetic field):
where
and where c 1 , c 2 are two low-energy constants (LECs) which contain the structure dependent information. It is often referred to as Euler-Heisenberg Lagrangian due to the seminal work [1] . At the next order in energy, one considers the terms involving two derivatives on the field tensors, corresponding with the sixth order in the photon energy and/or momentum. Writing down all such dimension-ten operators and reducing their number using the antisymmetry of the field tensors, the Bianchi identities, as well as adding or removing total derivative terms, we find that there are 6 independent terms at that order, which we choose as :
where c 3 , . . . , c 8 are the new LECs arising at this order. Only c 3 and c 4 appear in the case of real photons. We can now specify the low-energy limit of the light-by-light scattering amplitudes in terms of the LECs describing
These expressions can be treated as a simultaneous expansion in ν and the virtualities Q 2 i of the lhs of the sum rules Eq. (22) . Concerning the Q dependence, it is important that the leading in ν term, in any of the amplitudes, is proportional to Q 1 Q 2 and hence vanishes for at least one real photon. The latter statement is valid for any values of virtualities, not just when they are small. For example, let us show for the amplitude (M ++,++ − M +−,+− ) its leading term in ν is proportional to the combination Q , to all orders in Q 1 and Q 2 . Since all photons are transversely polarized the only non-vanishing structures involving polarization vectors of photons ε(λ i ) are their mutual scalar products ε(λ i ) · ε(λ j ). Due to gauge invariance, the electromagnetic fields enter the Lagrangian through the field tensor F µν , which contributes to the amplitude as q µ ε ν − q ν ε µ . Thus an arbitrary term in the effective Lagrangian contributes to (M ++,++ − M +−,+− ) as:
where the tensor T µνλρ is constructed from four-vectors q i and the metric tensor. Since this amplitude is odd with respect to ν, it is required to be proportional to at least ν 1 . Assuming that one factor ν comes from contraction of two of the q's in Eq. (26), we are left with q µ 1 q ν 2 . Now, if we suppose that q 1 is contracted with q 2 we obtain an extra power of ν, and such an amplitude vanishes when taking the limit ν → 0. Thus, both q 1 and q 2 must be contracted with another q 1 and q 2 respectively, giving a global factor Q We are now in position to examine the sum rules in Eq. (22) order by order in ν. For this we expand the rhs of Eq. (22) 
. As the result we obtain from Eqs. (22f,22g,22h) the following set of super-convergence relations, valid for at least one real photon (e.g.,
and the following set of sum rules for the LECs of the dimension-8 (Euler-Heisenberg) Lagrangian, valid when both photons are quasi-real:
We emphasize again that, unlike the other sum rules, the sum rule of Eq. (28c) is only shown to hold in perturbative field theory.
There are as well the sum rules for the LECs of the dimension-10 Lagrangian, most notably:
but presently they are of far lesser importance and we do not write them out here explicitly. Let us remark again that the relation of Eq. (27a), obtained by combining Eqs. (22f) and (25f), is essentially a GDH sum rule for the photon target, see [10] [11] [12] . For large virtuality Q 2 1 , it leads to the sum rule for the photon structure function g
The sum rules in Eqs. (28a) and (28d), first established in [13] , are obtained by combining Eqs. (22a) with (25a) and Eqs. (22b) with (25b), respectively. All the other relations presented above are new. In the following section we verify these sum rules in QED at leading order in the fine-structure constant α.
III. SUM RULES IN PERTURBATION THEORY
We will subsequently discuss a pair production in scalar QED (e.g., Born approximation to γ * γ * → π + π − ) and in spinor QED (γ * γ * →where q stands for a charged lepton or a quark).
A. Scalar QED
The response functions for the case of scalar QED at lowest order in the electromagnetic coupling can be found in Appendix B 1. We firstly study the three sum rules of Eqs. (27a, 27b, 27c) for the case of one real or quasi-real photon (Q 2 2 → 0) and for arbitrary space-like virtuality (Q 2 1 ≥ 0) of the other photon. To better see the cancellation which must take place in these sum rules between contributions at low and higher energies, we show the integrands of the three sum rules in Figs. 1, 2, 3 multiplied by s. In this way, when plotted logarithmically, one can clearly see how the low and high energy contributions cancel each other. For the sum rule of Eq. (27b), we denote the integrand as : Besides exactly verifying the sum rules which integrate to zero, we can also use the above derived sum rules to study the low-energy coefficients for light-by-light scattering in scalar QED. Using Eqs. (28a, 28d), we obtain for the tree-level contributions to the lowest order coefficients c 1 and c 2 in scalar QED:
B. Spinor QED
The response functions for the case of spinor QED at lowest order in the electromagnetic coupling can be found in Appendix B 2. We again study the three sum rules of Eqs. (27a, 27b, 27c) for the case of one real or quasi-real photon (Q corresponding integrands multiplied by s in Figs. 4, 5 for the case of one real or quasi-real photon and for different virtualities of the other photon. We again verify that the sum rules involve an exact cancellation between low and high energy contributions. Using Eqs. (28a, 28d), we obtain for the tree-level contributions to the lowest order coefficients c 1 and c 2 for light-by-light scattering in spinor QED :
In these case we also were able to verify the sum rule in Eq. (29), yielding
in agreement with the result obtained in Ref. [16] for the low-energy photon-photon scattering. A more detailed study of the LbL sum rules in field theory, including loop effects, production of vector bosons, etc., is the subject of our forthcoming publication [17] .
IV. MESON PRODUCTION IN γγ COLLISION
In the previous section, the sum rules of Eqs. (27a, 27b, 27c) integrating to zero have been shown to hold exactly in perturbative calculations (e.g., in QED or QCD in the perturbative regime). However as their derivation is general, their realization in QCD, in its non-perturbative regime, allows to gain insight in the γ * γ → hadrons cross-sections.
This was illustrated in Ref. [13] for the sum rule of Eq. (27a). In the remainder of this paper, we will elaborate on the discussion of Ref. [13] and extend it to the other sum rules presented above. The required non-perturbative input for the absorptive parts of the sum rules are the γ * γ → hadrons response functions. In this paper, we will perform a first analysis by estimating the hadronic contributions to these response functions by the corresponding γ * γ * → M (with M a meson) production processes, which are described in terms of the γ * γ * → M transition form factors.
In Appendix C we detail the formalism and the available data for the γ * γ * → M transition FFs, and successively discuss the C-even pseudo-scalar (
, and tensor (J P C = 2 ++ ) mesons.
A. Real photons
We first consider the helicity sum rule of Eq. (27a) with two real photons producing a meson, as well as the sum rules of Eq. (28d) for the mesonic contributions to the low-energy constants c 1 and c 2 describing the forward light-by-light scattering amplitude. When producing mesons, the sum rules will hold separately for states of given intrinsic quantum numbers. Therefore, we will separately study the sum rule contributions for light quark isovector mesons (Table I) , for light quark isoscalar mesons (Table II) , as well as cc mesons (Table III) . For the isoscalar mesons, one could in principle separate the contributions according to singlet or octet states (or alternatively according to (uū + dd)/ √ 2 or ss states). The corresponding mesons involve mixings however which complicate such separation, as this mixing is not known well enough for some of the states. We will postpone such a separation for a future work and add all isoscalar meson contributions in the present work.
The pseudo-scalar mesons contribute to the helicity-0 cross section only, given by Eq. (C4). The corresponding contributions to the helicity sum rule of Eq. (27a) as well as the c 1 and c 2 sum rules are shown for the π 0 in Table II, for the η, η in Table II , and for the η c (1S) state in Table III .
Besides the pseudo-scalar mesons, also scalar mesons can only contribute to σ 0 . We show the contributions of the a 0 (980) in Table II , for the f 0 (980) and f 0 (1370) in Table II , and for the χ c0 (1P ) state in Table III . For the scalar mesons, only the f 0 (1370) state gives a sizable contribution due to its large 2γ decay width.
For the helicity sum rule, one notices that in order to compensate the large negative contribution from the pseudoscalar mesons, and to lesser extent from the scalar meson states, an equal strength is required in the helicity-2 cross section, σ 2 . For light quark mesons, the dominant feature of the helicity-2 cross section in the resonance region arises from the multiplet of tensor mesons f 2 (1270), a 2 (1320), and f 2 (1525). For cc tensor mesons, the dominant tensor contribution is given by the χ c2 (1P ) state.
Measurements at various e + e − colliders, notably the recent high statistics measurements by the BELLE Collaboration of the γγ cross sections to π + π − , π 0 π 0 , ηπ 0 , and K + K − channels [19] [20] [21] have allowed to accurately establish their parameters. For the light quark mesons, the experimental analyses of decay angular distributions have found [22] that the tensor mesons are produced predominantly (around 95% or more) in a state of helicity Λ = 2. We will therefore assume in all of the following analyses that Γ γγ (T (Λ = 0)) ≈ 0, and that Γ γγ (T (Λ = 2)) ≈ Γ γγ (T ) in Tables I,  II, III. We show all tensor meson contributions to the helicity difference sum rule as well as the c 1 , c 2 sum rules for which the 2γ decay widths are known. For the isovector meson contributions to the helicity sum rule, shown in Table I , we conclude that the lowest isovector tensor meson composed of light quarks, a 2 (1320), compensates to around 70% the contribution of the π 0 , which is entirely governed by the chiral anomaly. For the isoscalar states composed of light quarks, the cancellation is even more remarkable: the sum of f 2 (1270) and f 2 (1525), within the experimental accuracy, entirely compensates the combined contribution of the η and η mesons. For the cc states, one notices that the known strength in the tensor channel from the χ c2 (1P ) state only compensates about 20% of the strength arising from the η c (1S) and χ c0 (1P ) states. We can however expect a sizable contribution to this sum rule from states above the nearby DD threshold, which we denote by s D = 4m argument [23] , which amounts to replacing the integral of the helicity difference cross section for the γγ → X process (with X any hadronic final state containing charm quarks) by the corresponding integral of the helicity difference cross section for the perturbative γγ → cc process :
where the perturbative cross section is given in Appendix B 2. The duality expressed by the approximate equality in Eq. (34) is meant to hold in a global sense, i.e. after integration over the energy of the helicity difference cross section above the threshold s D . As we have verified in Section III that the perturbative cross section satisfies the helicity sum rule exactly, i.e.
with m c the charm quark mass, we can re-express Eq. (34) as : Using Eq. (B27) for the γγ → cc helicity difference cross section, we finally obtain:
Using the PDG value m c ≈ 1.27 GeV [18] , we show the duality estimate for −I cont in Fig. 6 , as function of the integration limit s D (solid red curve). Using the physical value of the DD threshold, s D ≈ 14 GeV 2 , we obtain:
I cont ≈ 15.1 nb. We notice that within the experimental uncertainty, this fully cancels the sum of the η c (1S), χ c0 (1P ), and χ c2 (1P ) resonance contributions to the σ 2 −σ 0 sum rule, as is shown in Table III . This cancellation quantitatively illustrates the interplay between resonances with hidden charm (cc states) and production of charmed mesons in order to satisfy the sum rule. It will be interesting to further test this experimentally by measuring the γγ production cross sections above DD threshold, where a plethora of new states (so-called XY Z states) have been found in recent years, see e.g. Ref.
[24] for a review.
We have also computed the meson contributions to the forward light-by-light scattering coefficients c 1 and c 2 (fifth and sixth columns respectively in Tables I, II, III) . The dimensionality of these coefficients requires them to scale with the meson mass m M as 1/m 4 M . Therefore, the higher mass mesons contribute very insignificantly to these coefficients. One notes that the coefficient c 1 , which involves the cross section σ , does not receive any contributions from pseudo-scalar mesons, and is dominated by the tensor mesons a 2 (1320) and f 2 (1270), with smaller contributions from the scalar states around 1 GeV. On the other hand, the coefficient c 2 , which involves the cross section σ ⊥ , is totally dominated by the contributions from pseudo-scalar mesons, especially the light π 0 , with contributions of η and η at the 10% level of the π 0 contribution.
B. Virtual photons
We next discuss the sum rule of Eq. (27b) when both photons are quasi-real. One immediately observes that pseudoscalar mesons do not contribute to this sum rule. However scalar, axial-vector and tensor mesons will contribute to this sum rule. The sum rule will therefore require a cancellation mechanisms between scalar, axial-vector and tensor mesons, which we will study subsequently. According to Eq. (C13), scalar mesons (with mass m S ) can only contribute to the σ term in the sum rule, and their contribution is given by: In contrast, Eq. (C18) shows that axial-vector mesons (with mass m A ) can only contribute to the τ a T L term in the sum rule as:ˆd
where we introduced the equivalent 2γ decay widthΓ γγ (A ) of Eq. (C16). The tensor mesons in general contribute to both terms of the sum rule of Eq. (27b). For the σ contribution, we will use the experimental observation that light tensor mesons are produced predominantly (around 95 % or more) in a state of helicity Λ = 2, as discussed above. Neglecting therefore the much smaller σ 0 term, we obtain from Eq. (C28):
with tensor meson mass m T . For the τ a T L contribution to the sum rule of Eq. (27b), one sees from Eq. (C28) that it involves a helicity-1 amplitude for tensor meson production by quasi-real photons, which unfortunately is not known experimentally for any tensor meson. It is reasonable to assume that for quasi-real photons this amplitude is much smaller than the helicity-2 amplitude which is known to dominate in the real photon limit. We will therefore neglect the helicity-1 contribution in the following analysis.
One notes from Eqs. (38, 39, 40) that only axial-vector mesons give a negative contribution to the sum rule of Eq. (27b), whereas scalar and tensor mesons contribute positively. As the sum rule has to integrate to zero, one therefore obtains a cancellation mechanism between axial-vector mesons on one hand, and scalar and tensor mesons on the other. In Table IV , we show the contributions of the lowest lying scalar, axial-vector and tensor mesons, for which the 2γ widths are known experimentally. One sees from Table IV that the two lowest lying axial-vector mesons f 1 (1285) and f 1 (1420) are entirely cancelled, within error bars, by the contribution of the dominant tensor meson f 2 (1270). Using the experimentally known 2γ widths, the deviation of the (zero) sum rule value is at the 2σ level, which hints at a moderate contribution of either another higher mass axial-vector meson state or a non-resonant contribution with axial-vector quantum numbers. At finite Q mesons, in particular the tensor mesons, the corresponding form factors still wait to be extracted. We have seen from Table II that for real photons the dominant contributions to the helicity sum rule of Eq. (27a) come from η, η , and f 2 (1270) mesons, where the f 2 (1270) contribution cancels to 90% the contribution from the η and η mesons. We will therefore use the corresponding sum rule of Eq. (27a) at finite Q 2 1 to estimate the γ * γ → f 2 (1270) helicity-2 FF from the measured η and η FFs, given by Eq. (C7). Assuming that the helicity sum rule of Eq. (27a) is saturated by the η, η , and f 2 (1270) mesons, we then obtain:
where we have introduced the shorthand notation:
For Q 2 1 = 0, the f 2 (1270) meson contribution cancels to 90% the η + η contributions to the helicity sum rule. We can therefore use
which allows us to express Eq. (41) as:
We can obtain a second estimate for the T (2) FF for the f 2 (1270) meson from the sum rule of Eq. (27b). We have seen from Table IV that for quasi-real photons the dominant contributions to this sum rule come from f 1 (1285), f 1 (1420), and f 2 (1270) mesons, where the f 2 (1270) contribution cancels to 95 % the contribution from the f 1 (1285) and f 1 (1420) mesons. We can then also use the corresponding sum rule of Eq. (27b) at finite Q 2 1 to estimate the γ * γ → f 2 (1270) helicity-2 FF from the measured f 1 (1285) and f 1 (1420) FFs, using Eqs. (C21, C24). Assuming that the helicity sum rule of Eq. (27b) is saturated by the f 1 (1285), f 1 (1420), and f 2 (1270) mesons, which we denote by f 1 , f 1 , and f 2 respectively, and retaining only the supposedly dominant Λ = 2 FF for the tensor mesons, we obtain:
For Q 2 1 = 0, the f 2 (1270) meson contribution cancels to 95% the f 1 (1285) + f 1 (1420) contributions to the sum rule of Eq. (27b), which implies:
This allows to obtain a second estimate for the T (2) FF for the f 2 (1270) meson as:
In Fig. 7 we show the two sum rule estimates of Eqs. (44) and (48) for the FF T (2) for the tensor meson f 2 (1270) using the known experimental information for either η, η in Eq. (44), or f 1 (1285), f 1 (1420) in Eq. (48). When taking the ratio of both estimates, one sees that it is larger than 80% below 1 GeV 2 and around 65% around Q 2 = 2 GeV 2 .
It will be interesting to confront these estimates with a direct measurement of the T (2) FF for the f 2 (1270) tensor meson.
In an analogous way, we can provide an estimate for the a 2 (1320) FF from the π 0 FF. We have seen from Table I that π 0 and a 2 (1320) provide the dominant isovector contributions to the helicity sum rule of Eq. (27a), where the a 2 (1320) contribution cancels to 70% the contribution from the π 0 . We can therefore use the sum rule of Eq. (27a)
for one virtual photon to estimate the helicity-two FF T (2) for the a 2 (1320) meson in terms of the π 0 FF, given by Eq. (C7), as:
As empirically the γ * γ → π 0 FF is the best known meson transition FF, it will be interesting to test the above prediction for the a 2 (1320) FF experimentally.
V. CONCLUSIONS AND OUTLOOK
We have studied the forward light-by-light scattering and derived three sum rules which involve energy weighted integrals of γ * γ fusion cross sections, measurable at e + e − colliders, which integrate to zero (super-convergence rela- tions):
.
In these sum rules the γ * γ fusion cross sections are for one (quasi-) real photon and a second virtual photon which can have arbitrary (space-like) virtuality. The first of the sum rules generalizes the GDH sum rule for the helicitydifference γγ fusion cross section to the case of one real and one virtual photon. The two further sum rules are for γ * γ fusion cross sections which involve longitudinal photon amplitudes.
We have shown that these sum rules are exactly verified for the tree level scalar and spinor QED cross sections. Verifications beyond the tree-level in various field theories are underway [17] .
We have performed a detailed quantitative study of the new sum rules for the case of the production of light quark mesons as well as for the production of mesons in the charm quark sector. Using the empirical information in evaluating the sum rules, we have found that the helicity-difference sum rule requires cancellations between different mesons, implying non-perturbative relations. For the light quark isovector mesons, the π 0 contribution was found to be compensated to around 70% by the contribution of the lowest lying isovector tensor meson a 2 (1320). For the isoscalar light quark mesons, the η and η contributions were found to be entirely compensated within the experimental accuracy by the two lowest-lying tensor mesons f 2 (1270) and f 2 (1525). In the charm quark sector, the situation is different as it involves the narrow resonance contributions below DD threshold, and the continuum contribution above DD threshold. For the narrow resonances, the η c was found to give by far the dominant contribution. When using a duality estimate for the continuum contribution, we found that it entirely cancels the narrow resonance contributions, verifying the sum rule, and pointing to large tensor strength (helicity 2) in the cross sections above DD threshold. It will be interesting to test this property experimentally. The helicity difference sum rule has also been applied for the case of one real and one virtual photon. In this case the γ * γ fusion cross sections depend on the meson transition form factors (FFs). We have reviewed the general formalism and parameterization for the γ * γ → meson transition FFs for (pseudo-) scalar, axial-vector, and tensor mesons. Because for scalar and tensor mesons the γ * γ transition FFs have not yet been measured, a direct test of the sum rules for finite virtuality is not possible at present. However, we were able to show that the helicity-difference sum rule allows to provide an estimate for the f 2 (1270) tensor FF in terms of the η, and η FFs, and for the a 2 (1320) tensor FF in terms of the π 0 FF. Since empirical information on pseudo-scalar meson FFs is available, these relations provide predictions for tensor meson FFs which will be interesting to confront with experiment. The second new sum rule derived in this paper, involving the σ , σ LT , and τ a T L γ * γ response functions, has also been tested for the case of quasi-real photons. As pseudo-scalar mesons cannot contribute to this sum rule, a cancellation between scalar and tensor mesons on one hand and axial-vector mesons on the other hand is at work. Using the existing empirical information for quasi-real photons, the contribution of the two lowest lying axial-vector mesons f 1 (1285) and f 1 (1420) was found to be entirely cancelled, within error bars, by the contribution of the dominant tensor meson f 2 (1270). When applying this sum rule to the case of one virtual photon, it again allows one to relate the f 2 (1270) tensor FF, this time to the transition FFs for the f 1 (1285) and f 1 (1420) mesons, which have both been measured. The predictions from the two different sum rules for the f 2 (1270) FF were found to agree within 20% for a virtuality below 1 GeV 2 , and within 35% up to about 2 GeV 2 .
Besides the three super-convergence relations, we have also derived sum rules which express the coefficients in a low-energy expansion of the forward light-by-light scattering amplitude in terms of γ * γ → X cross sections. These evaluations may be used as a cross-check for models of the non-forward light-by-light scattering which are applied to evaluate the hadronic LbL contribution to (g − 2) µ . On the experimental side, the ongoing γγ physics programs by the BABAR and Belle Collaborations, as well as the upcoming γγ physics program by the BES-III Collaboration, will allow to further improve the data situation significantly. In particular, the extraction of the γ * γ response functions through their different azimuthal angular dependencies, and the measurements of multi-meson final states (ππ, πη, . . .) promise to access besides the pseudoscalar meson FFs also the scalar, axial-vector and tensor meson FFs, thus allowing direct tests of the sum rule predictions presented in this work.
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The kinematics of the outgoing leptons can be related to the virtual photon four-momenta as :
The kinematics of the outgoing leptons then determines five kinematical quantities :
• the energies of both virtual photons :
with E 1 and E 2 the energies of both outgoing leptons;
• the virtualities of both virtual photons :
where θ 1 and θ 2 are the (polar) angles of the scattered electrons relative to the respective beam directions, and where the minimal values of the virtualities are given by (in the limit where E 1 >> m and E 2 >> m, with m the lepton mass) :
• the azimuthal angle φ between both lepton planes, which in the lepton c.m. frame can be obtained as :
where p 1⊥ and p 2⊥ denote the components of the outgoing lepton four-vectors which are perpendicular to the respective beam directions, and are defined in the lepton c.m. frame as :
In the following it will also turn out to be useful to determine kinematical quantities in the c.m. system of the virtual photons ( which we denote by c.m. γγ). In particular, the azimuthal angle between both lepton planes, in the γγ c.m. frame, which we denote byφ is given by :
wherep 1⊥ andp 2⊥ denote the transverse components of the incoming lepton four-vectors in the γγ c.m. frame and are defined in a covariant way as :
As the rhs of Eq. (A9) is expressed in a Lorentz invariant way, one can then evaluate all four-momenta in the lepton c.m. frame, to obtain the expression of cosφ in terms of the lepton c.m. kinematics. The cross section for the process e(p 1 ) + e(p 2 ) → e(p 1 ) + e(p 2 ) + X, with X the produced hadronic state, can be expressed in terms of eight cross sections for the γ * γ * → X process, which where defined in Eq. (16), as :
where h 1 = ±1 and h 2 = ±1 are both lepton beam helicities, and where we have defined kinematical coefficients :
In the limit where one of the virtual photons becomes real (Q 2 2 = 0) in case of the response functions involving only transverse photons, or becomes quasi-real (Q 2 2 ≈ 0) in case of the response functions involving a longitudinal photon, the above expressions simplify to :
2. Spinor QED
The γ * γ * →cross sections (with q an electrically charged structureless spin-1/2 particle) to lowest order in α are given by :
In the limit where one of the virtual photons becomes real (Q 
In this Appendix we detail the formalism and the available data for the γ * γ * → meson transition form factors (FFs), and successively discuss the C-even pseudo-scalar (J P C = 0 −+ ), scalar (J P C = 0 ++ ), axial-vector (J P C = 1 ++ ), and tensor (J P C = 2 ++ ) mesons.
Pseudo-scalar mesons
The process γ * (q 1 , λ 1 ) + γ * (q 2 , λ 2 ) → P, describing the transition from an initial state of two virtual photons, with four-momenta q 1 , q 2 and helicities λ 1 , λ 2 = 0, ±1, to a pseudo-scalar meson P = π 0 , η, η , η c , ... (J P C = 0 −+ ) with mass m P , is described by the matrix element :
where ε α (q 1 , λ 1 ) and ε β (q 2 , λ 2 ) are the polarization vectors of the virtual photons, and where the meson structure information is encoded in the form factor (FF) F Pγ * γ * , which is a function of the virtualities of both photons, satisfying
. From Eq. (C1), one can easily deduce that the only non-zero γ * γ * → P helicity amplitudes, which we define in the rest frame of the produced meson, are given by :
The FF at Q 
with m P the pseudo-scalar meson mass, and α = e 2 /(4π) 1/137.
In this paper, we study the sum rules involving cross sections for one real photon and one virtual photon. For one real photon (Q 2 2 = 0), the only non-vanishing cross sections in Eq. (16) are given by :
For massless quarks, the divergence of the isovector axial current, A 
where the pion decay constant f π is defined through the isovector axial current matrix element :
When using the current empirical value of the pion decay constant f π 92.4 MeV to evaluate the chiral anomaly prediction of Eq. (C5), one obtains the value F M γ * γ (0) 0.274 GeV −1 , which yields through Eq. (C3) a 2γ decay width in very good agreement with the experimental value (see Table I ). The form factors F Pγ * γ * (Q 2 1 , 0) for one virtual photon and one real photon have been measured for π 0 , η, η by the CELLO [25] , CLEO [26] , and BABAR [8, 27] Collaborations, and for η c (1S) by the BABAR Collaboration [28] . In the Q 2 1 range up to 10 GeV 2 , a good parameterization of the data is obtained by the monopole form :
where Λ P is the monopole mass parameter. In Table V , we show the experimental extraction of Λ P for the π 0 , η, η , and η c (1S) mesons. Eq. (C7). The measured value of ΛP for P = π 0 , η, η is from the CLEO Collaboration [26] . For the ηc(1S) state, the measured value is from the BABAR Collaboration [28] .
Scalar mesons
We next consider the process γ * (q 1 , λ 1 ) + γ * (q 2 , λ 2 ) → S , describing the transition from an initial state of two virtual photons, with four-momenta q 1 , q 2 and helicities λ 1 , λ 2 = 0, ±1, to a scalar meson S (J P C = 0 ++ ) with mass m S . Scalar mesons can be produced either by two transverse photons or by two longitudinal photons [4, 30] . Therefore, the γ * γ * → S transition can be described by the matrix element :
where we introduced the symmetric transverse tensor R µν :
which projects onto both transverse photons, having the properties :
In Eq. (C8), the scalar meson structure information is encoded in the form factors F T S γ * γ * and F L S γ * γ * , which are a function of the virtualities of both photons, where the superscripts indicate the situation where either both photons are transverse (T ) or longitudinal (L). Note that the pre-factor ν/m S in Eq. (C8) is chosen such that the FFs are dimensionless. Furthermore, both form factors are symmetric under interchange of both virtualities :
From Eq. (C8), one can easily deduce that the only non-zero γ * γ * → S helicity amplitudes are given by :
The transverse FF at Q 
In this paper, we study the sum rules involving cross sections for one real photon and one virtual photon. For one real photon (Q 
Axial-vector mesons
We next discuss the two-photon production of an axial vector meson. Due to the symmetry under rotational invariance, spatial inversion as well as the Bose symmetry of a state of two real photons, the production of a spin-1 resonance by two real photons is forbidden, which is known as the Landau-Yang theorem [29] . However the production of an axial-vector meson by two photons is possible when one or both photons are virtual. The matrix element for the process γ * (q 1 , λ 1 ) + γ * (q 2 , λ 2 ) → A , describing the transition from an initial state of two virtual photons, with four-momenta q 1 , q 2 and helicities λ 1 , λ 2 = 0, ±1, to an axial-vector meson A (J P C = 1 ++ ) with mass m A and helicity Λ = ±1, 0 (defined along the direction of q 1 ), is described by three structures [4, 30] , and can be parameterized as :
A γ * γ * (Q 
In Eq. (C14), the axial-vector meson structure information is encoded in the form factors F
A γ * γ * and F
A γ * γ * , where the superscript indicates the helicity state of the axial-vector meson. Note that only transverse photons give a non-zero transition to a state of helicity zero. The form factors are functions of the virtualities of both photons, and F 
Note that the helicity amplitude with two transverse photons vanishes when both photons are real, in accordance with the Landau-Yang theorem. The matrix element F
A γ * γ (0, 0) allows to define an equivalent two-photon decay width for an axial-vector meson to decay in one quasi-real longitudinal photon and a (transverse) real photon as 2 :
A γ * γ * (0, 0)
where we have introduced the decay width Γ (A → γ * L γ T ) for an axial-vector meson to decay in a virtual longitudinal photon, with virtuality Q 
In this paper, we study the sum rules involving cross sections for one real photon and one virtual photon. For one quasi-real photon (Q Extracting the FFs F (1) , and F (0) separately from experiment requires the measurements of σ LT and σ T T respectively.
As experiments to date have not achieved this separation, one is so far only sensitive to the quantity σ T T + ε 1 σ LT , where ε 1 is a kinematical parameter (so-called virtual photon polarization parameter) defined as ε 1 ≡ ρ 
experimental status of the equivalent 2γ decay widths of the axial-vector mesons f 1 (1285), and f 1 (1420), which we use in this work. [31] , f1(1420) from Ref. [32] . Note that for the f1 (1420) state, only the branching ratioΓγγ × Γ KKπ /Γ total is measured so far, which we use as a lower limit onΓγγ.
Tensor mesons
The process γ * (q 1 , λ 1 ) + γ * (q 2 , λ 2 ) → T (Λ), describing the transition from an initial state of two virtual photons to a tensor meson T (J P C = 2 ++ ) with mass m T and helicity Λ = ±2, ±1, 0 (defined along the direction of q 1 ), is described by five independent structures [4, 30] , and can be parameterized as :
M (λ 1 , λ 2 ; Λ) = e 2 ε µ (q 1 , λ 1 ) ε ν (q 2 , λ 2 ) ε * αβ (p f , Λ) × R µα (q 1 , q 2 )R νβ (q 1 , q 2 ) + s 8X R µν (q 1 , q 2 )(q 1 − q 2 ) α (q 1 − q 2 )
